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ON GENERALIZED RIEMANN HYPOTHESIS
RUIMING ZHANG
Abstract. This work as a natural followup to our previous work on the
Riemann hypothesis. In this work we shall demonstrate our approach in the
previous work can resolve the generalized Riemann hypothesis for an non-
principal primitive Dirichlet as well.
1. Introduction
Given a positive integer q ≥ 2, let χ(n) be a non-principal primitive character
with respect to modulus q of parity a = 0, 1 and its associated Gaussian sum is
given by [1, 2]
(1.1) τ(χ) =
q∑
m=1
χ(m)eq(m),
where
(1.2) a =
{
0 χ(−1) = 1
1 χ(−1) = −1 .
We define the character Ξ (s;χ, a) function for χ of parity a by [2]
(1.3) Ξ(s;χ, a) = π−
wa+is
2 q
wa+is
2 Γ
(
wa + is
2
)
L
(
1
2
+ is;χ, a
)
,
where 32 ≥ wa = 1+2a2 ≥ 12 and Γ(s), L (s, χ) are the analytic continuations of the
Euler’s gamma function and the Dirichlet series, [1, 2]
L (s, χ) =
∞∑
n=1
χ(n)
ns
, σ > 1, s = σ + it,(1.4)
respectively. Then Ξ (s;χ, a) is an entire function in s ∈ C and satisfies [2]
(1.5) Ξ (s;χ, a) =
ˆ ∞
−∞
eistϕ (t;χ, a) dt,
where
(1.6) ϕ(t;χ, a) = 2
∞∑
n=1
naχ(n) exp
(
−n
2π
q
e2t + wat
)
.
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From the transformation formulas of the character theta function we obtain [2]
(1.7) ϕ(t;χ, a) =
ia
√
q
τ (χ)
ϕ(−t;χ, a), t ∈ R.
Since χ is primitive, then
(1.8) τ(χ)τ (χ) = q.
Consequently,
(1.9) |ϕ(t;χ, a)| = |ϕ(−t;χ, a)|
and
(1.10) |Ξ(−s;χ, a)| = |Ξ(s;χ, a)| .
In this work we are going to prove the generalized Riemann hypothesis holds:
Theorem 1. Given a positive integer q ≥ 2 and let χ(n) be a non-principal
primitive character with respect to modulus q of parity a. If Ξ (s;χ, a) = 0 for
−wa < t < wa, then t = 0.
2. Proofs
2.1. Some Estimates. Let
(2.1) f(u;χ, a) = 2 exp
{
wau− πe2u/q
}
,
then,
(2.2) Φ(s;χ, a) =
ˆ ∞
−∞
eisxf(u;χ, a)du,
where
(2.3) Φ(s;χ, a) =
( q
π
)wa+is
2
Γ
(
wa + is
2
)
.
Clearly, Φ(s;χ, a) have no zeros in −wa < t < wa.
For any small positive number ǫ, say 0 < ǫ < 110 , by (1.6) and (1.9) we have
(2.4) ϕ (u;χ, a) = O
{
exp
(
−π − ǫ
q
e2|u|
)}
as t→ ±∞.
Since
(2.5) ϕ (u;χ, a) =
∞∑
n=1
χ(n)√
n
f(u+ logn;χ, a), x ∈ R
converges absolutely. Then, by the properties of χ(m) and µ(m) [1, 4]
∞∑
m=1
µ(m)χ(m)√
m
ϕ (u+ logm;χ, a) =
∞∑
m,n=1
χ(mn)µ(m)√
mn
f(u+ log(mn);χ, a)
=
∞∑
k=1
χ(k)√
k
f(u+ log k;χ, a)
∑
m|k
µ(m) = χ(1)f(u;χ, a) = f(u;χ, a),
which gives another absolutely convergent series,
(2.6) f(u;χ, a) =
∞∑
m=1
µ(m)χ(m)√
m
ϕ (u+ logm;χ, a) , u ∈ R.
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For any N ∈ N and u ∈ R, let
(2.7) ψN (u;χ, a) =
N∑
k=1
µ (k)χ(k)ϕ (u+ log k;χ, a)√
k
,
then,
(2.8) f(u;χ, a)− ψN (u;χ, a) =
∞∑
m=N+1
µ(m)χ(m)ϕ(u + logm;χ, a)√
m
.
Proposition 2. Let N be a sufficiently large positive integer and ǫ be any small
positive number such that 110 > ǫ > 0. If
(2.9) u ≥ − logN + log
√
logN q,
then
(2.10) f(u;χ, a)− ψN (u;χ, a) = O

exp
(
−(π − ǫ) (Neu)2 /q
)
N3/2e2u


as N →∞.
Proof. By(2.9) for sufficiently large N we have
u+ logm > log
(m
N
)
+
1
2
log logN q >
1
2
log logN q > 0.
Hence, by (2.4) and (2.8) we get
|ψN (u;χ, a)− f(u;χ, a)| ≤
∣∣∣∣∣
∞∑
m=N+1
µ(m)χ(m)ϕ(u + logm;χ, a)√
m
∣∣∣∣∣
≤ 1√
N + 1
∞∑
m=N+1
|ϕ(u+ logm;χ, a)| = O
{
1√
N
∞∑
m=N+1
exp
(
−m2π − ǫ
q
e2u
)}
= O
{
1√
N
∞∑
m=N+1
exp
(
−πm2e2(u+log(
√
(π−ǫ)/qπ))
)}
= O


exp
(
−(π − ǫ) (Neu)2 /q
)
N3/2e2u


as N →∞, where we have applied the inequality [5, 7]
∞∑
n=N+1
e−πxn
2 ≤ min
(
1
2
√
x
,
e−πxN
2
2Nπx
)
.

Proposition 3. Let N be a sufficiently large positive integer. If
(2.11) − logN + log
√
logN q ≥ u ≥ − logN − log
√
logN q,
then,
(2.12) ψN (u;χ, a)− f(u;χ, a) = O (1)
as N →∞.
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Proof. By (2.5) and (2.7) we have
ψN (u;χ, a) =
N∑
m=1
∞∑
n=1
µ (m)χ(mn)√
mn
f(u+ log(mn);χ, a)
=
∞∑
k=1
χ(k)√
k
f(u+ log k;χ, a)ak(N),
where
ak(N) =
∑
1≤j≤N, j|k
µ(j).
Clearly,
a1(N) = 1, ak(N) = 0, 2 ≤ k ≤ N
and
|ak(N)| ≤ d(k), k ∈ N,
where d(k) is the divisor function. For any small positive number δ, say 110 > δ > 0,
it is known that [1, 4]
d(k) = O (kδ) , k →∞.
Thus, by (2.1) we get
ψN (u;χ, a)− f(u;χ, a) = O
(
ewau
∞∑
k=N+1
kwa+δ exp
(−πk2e2u/q)
)
as N →∞. Let
S1(N) = e
wau
⌊N logNq⌋∑
k=N+1
kwa+δ exp
(−πk2e2u/q)
and
S2(N) = e
wau
∞∑
k=⌊N logNq⌋+1
kwa+δ exp
(−πk2e2u/q) .
As in the proof of Lemma 3 in [7] we have estimate
⌊N logNq⌋∑
n=N+1
e−πn
2/x =
√
x
⌊N logNq⌋6∑
k=N6+1
e−πxk
2
+O (1) , N →∞.
Then,
S1(N) = O

ewau (N logN q)wa+δ ⌊N logN
q⌋∑
k=N+1
exp
(−πk2e2u/q)


= O

e−u/2 (N logN q)3/2+δ ∞∑
k=N6+1
exp
(−πqk2e−2u)


= O

N2+δ log7/4+δ N q ∞∑
k=N6+1
exp
(−k2πN2/ logN)


= O (1)
as N →∞.
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Since
u+ log k > u+ logN + log logN q > log
√
logN q,
then for sufficiently large integer N , the general term in S2(N) is a decreasing
function in k, hence
S2(N) = O
(
ewau
ˆ ∞
N logNq
kwa+δ exp
(−πk2e2u/q) dk)
= O
(
e−(1+δ)u
ˆ ∞
√
logNq
kwa+δ exp
(−πy2/q) dk)
= O
(
N1+δ log1+δN q
ˆ ∞
√
logNq
kwa+δ exp
(−πy2/q) dk)
= O
(
log1+δ N
N1−δ
ˆ ∞
1
kwa+δ exp
(−y2/q) dk
)
= O (1)
as N →∞. Therefore,
ψN (u;χ, a)− f(u;χ, a) = O (S1(N) + S2(N)) = O (1)
as N →∞. 
Proposition 4. Let N be a sufficiently large positive integer. If
(2.13) u ≤ − logN − log
√
logN q,
then,
(2.14) ψN (u;χ, a)− f(u;χ, a) = O (1)
as N →∞.
Proof. By (2.1) and (2.13) we have
(2.15) f(u;χ, a) = O (1) , N →∞.
Since
u+ log k ≤ u+ logN ≤ − log
√
logN q, 1 ≤ k ≤ N
then by (2.4) and (2.7) we have
ϕ (u+ log k;χ, a) = O
(
−π − ǫ
q
logN q
)
= O
(
1
Nπ−ǫ
)
, 1 ≤ k ≤ N
and
(2.16) ψN (u;χ, a) = O
{
1
Nπ−ǫ
N∑
k=1
1√
k
}
= O
{
1
Nπ−ǫ−1/2
}
= O (1)
as N →∞. Finally, (2.14) is obtained by combining (2.15) and (2.16). 
6 RUIMING ZHANG
2.2. Proof of Theorem 1. Assume that Theorem 1 is false. By the symmetry
(1.10), we may consider χ instead if is χ is not real, we conclude that we must have
a s0 = σ0 − it0 with 0 < t0 < wa such that Ξ (s0;χ, a) = 0. Then for any N ∈ N
we would haveˆ ∞
−∞
{ψN (u;χ, a)− f(u;χ, a)} eis0udu = Ξ(s0;χ, a)
N∑
k=1
µ (k)χ(k)
k1/2+is0
− Φ(s0;χ, a)
= −Φ(s0;χ, a)
which is not zero,
(2.17) Φ(s0;χ, a) 6= 0
by (2.3).
On the other hand, we have
|Φ(s0;χ, a)| ≤
ˆ ∞
−∞
|ψN (u;χ, a)− f(u;χ, a)| et0udu
≤
ˆ ∞
− logN+log√logNq
|ψN (u;χ, a)− f(u;χ, a)| et0udu
+
ˆ − logN+log√logNq
−∞
|ψN (u;χ, a)− f(u;χ, a)| et0udu
and for any sufficiently large positive integer N ≥ e, by (2.10) we have,ˆ ∞
− logN+log√logNq
|ψN (u;χ, a)− f(u;χ, a)| et0udu
= O
(
N2−t0
ˆ ∞
√
logNq
exp
(−(π − ǫ)y2/q) yt0−3dy)
= O
(
N2−t0e−5/2(logN
q)/q
ˆ ∞
1
exp
(−y2/(2q)) yt0−3dy)
= O
(
1
N1/2+t0
)
and by (2.12) and (2.14) we have
ˆ − logN+log√logNq
−∞
|ψN (u;χ, a)− f(u;χ, a)| et0udu
= O
(ˆ − logN+log√logNq
−∞
et0udu
)
= O
(
logt0/2 N q
N t0
)
as N →∞. Hence,
|Φ(s0;χ, a)| = O
(
logt0/2N q
N t0
)
as N →∞, which implies that
(2.18) Φ(s0;χ, a) = 0.
which is absurd since Φ(s0;χ, a) cannot be both zero and nonzero. This contradic-
tion proves our initial assumption, there exists a s0 = σ0 − it0 with 0 < t0 < wa
such that Ξ (s0;χ, a) = 0, is wrong. Therefore, Theorem 1 must be true.
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